Int. J. Solids Structures Vol. 29, No. 3, pp. 279-291. 1992 0020-7683/92 3500+ .00
Printed in Great Brtain, ¢ 1991 Pergamon Press pic

VOID NUCLEATION AND GROWTH FOR
COMPRESSIBLE NON-LINEARLY ELASTIC
MATERIALS: AN EXAMPLE

C. O. HorGan
Department of Applied Mathematics, University of Virginia, Charlottesville,
VA 22903, US.A.

(Received 3 December 1990 in revised form 20 May 1991)

Abstract—In this paper, we carry out an explicit analysis of a bifurcation problem for a solid sphere,
composed of a special cliss of compressible non-linearly elastic materials, and subjected to prescribed
radial stretch 4 > 1 at its boundary. One solution to this problem, for all values of 4, is that of pure
homogeneous stretching in which the sphere expands radially. However, for sufficiently large values
of 4, a second configuration is possible where an internal traction-free spherical cavity forms at the
origin. The critical stretch 4 = 4., at which this solution bifurcates from the trivial homogeneous
solution is determined. The trivial solution is shown to become unstable at 4 = 4. [t is also shown
how the bifurcation model may be interpreted as describing sudden rapid growth of a pre-existing
microvoid. The analogous issues for axisymmetric plane strain deformations of a cylinder are briefly
discussed.

[. INTRODUCTION

Void nucleation and growth in solids have long been of concern because of the fundamental
role such phenomena play in fracture and other failure mechanisms. [Sce e.g. Tvergaard
(1990) for a recent review of void growth in metals.] Sudden void formation (“cavitation™)
in vulcanized rubber has also been observed experimentally by Gent and Lindley (1958).
[See also Williams and Schapery (1965).] A recent review on cavitation in rubber is that of
Gent (1990). Non-lincar theories of solid mechanics have been extensively used recently to
model such phenomena. The impetus for much of the current theoretical developments has
been supplied by the work of Bull (1982). Ball has studied a class of bifurcation problems
for the equations of non-lincar elasticity which model the appearance of a cavity in the
interior ol an apparently solid homogeneous isotropic clastic sphere once a critical external
load is attained. An alternative interpretation for such problems in terms of the sudden
rapid growth of a pre-existing microvoid has been given by Horgan and Abeyaratne (1986) ;
see also Sivaloganathan (1986a). As pointed out, for example, by Horgan and Abeyaratne
{1986), cavitation is an inherently n#on-linear phenomenon and cannot be modeled using
linearized solid mechanics theories.

In the comprehensive work of Ball (1982) on radially symmetric solutions, bifurcation
and stability analyses are carried out for displacement and traction boundary-value prob-
lems in n-dimensions for both incompressible and compressible materials. For incom-
pressible materials, the results are extensive and explicit while those in the more difficult
compressible case are comparatively limited and require several constitutive assumptions.
Further studies in the compressible case were carried out by Stuart (1985), Podio-Guidugli
et al. (1986), Horgan and Abcyaratne (1986), Sivaloganathan (1986a, b), Ertan (1988) and
Meynard (1990). Anisotropic compressible materials were considered by Antman and
Negron-Marrero (1987). Other contexts in which cavitation for compressible materials was
investigated include consideration of non-radially symmetric solutions (James and Spector,
1989}, elastodynamics (Pericak-Spector and Spector, 1988) and elastic membrance theory
(Haughton, 1990 ; Steigmann, 1991 ; sce also Haughton, 1986 for incompressible membrane
theory). For incompressible materials, finite strain plasticity models were investigated by
Chung et al. (1987) while the cffccts of rate dependence were examined by Abeyaratne and
Hou (1989). Further studies for incompressible materials were carried out by Chou-Wang
and Horgan (1989a) for elastostatics and by Chou-Wang and Horgan (1989b) for elasto-
dynamics. The effects of material inhomogeneity on cavitation were investigated by Horgan
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and Pence (1989a, b. ¢). Void collapse for both incompressible and compressible matertals
has been examined by Abeyaratne and Hou (1991). Further work in plasticity was carried
out by Hou and Abeyaratne (1991). Huang er «f. (1991) and Tvergaard er al. (1990).

In contrast to the situation for incompressible materials, it is not possible. in general.
to determine analytically solutions describing cavitation for compressible materials. Thus
the analyses of cavitation for compressible materials have depended heavily on qualitative
arguments for the relevant differential equations. Such arguments. in turn. have required
imposition of several constitutive hypotheses [see e.g. Ball (1982), Stuart (1985). Podio-
Guidugli er al. (1986), Sivaloganathan (19864, b) and Meynard (1990)]. For the particular
case of a Blatz-Ko matertal (which provides a4 model for a certain foamed rubber). explicit
analytic solutions describing cavitation Aave been obtained by Horgan and Abevaratne
(1986) [see also Ertan (1988) for extensions of this work]. The purpose of the present paper
is to examine another particular class of compressible materials for which the cavitated
solutions can be obtained explicitly. The materials modeled by the strain-energy densities
of concern here will be called generalized Varga materials [see e.g. Haughton (1987) for a
special case] since they may be viewed as a generalization, to include the effect of com-
pressibility, of an incompressible material model proposed by Varga (1966). It turns out
that the solutions discussed here are simpler to describe than the corresponding solutions
for the Blatz-Ko material (Horgan and Abeyaratne, 1986) and thus offer a particularly
illuminating example of cavitation for isotropic compressible non-lincarly elastic materials.

In the next section, we formulate the basic boundary-value problem that arises when
a solid sphere, composed of a homogencous isotropic compressible clastic solid, is subjected
to a prescribed radial stretch 4 > 1 onits boundary. One solution to this problem, for all
values of 4, corresponds to a trivial homogencous state in which the sphere expands radially.
However, for certain materials, one can find, for sufliciently large values of 4, another
possible radially symmetric configuration involving an internal traction-free spherical
cavity. A class of materials (gencralized Varga materials) for which this is possible is
described in Scction 3. A critical stretch A, 1s determined such that when £ > 4 such an
additional solution is obtained. This solution bifurcates from the trivial solution at 4 = 4.
(See the solid curve in Fig. 1) To interpret physically the mathematical biturcation problem
described in Scections 2 and 3, we turn attention, in Scction 4, to the problem of a hollow
sphere with undeformed radii 8, A (B < ). The inner surface is free of traction while the
outer surface is subjected to a prescribed surface displacement, with 2 > 1 denoting the
prescribed stretch. The body is composed, again, of a generalized Varga material. The
solution to this second problem is also obtained. Attention is then focussed on features of
this solution in the limit as B — 0+ corresponding to an infinitesimal microvoid. It is shown
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Fig. 1. Schematic diagram showing variation of the deformed cavity radius r(0+) with prescribed

stretch 4. The solid curve pertains to the bilurcation of a solid sphere (Sections 2. 3) while the

dashed curves describe the growth of a pre-existing void for different undeformed void radit 8

(Section 4). with B/ == £« L. The solid curve also depicts the limiting case of a microvoid
(B—-04+)
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that, in this limit, the radius of the deformed cavity tends to zero for all values of the applied
stretch in the range | < 4 < 4, while for 4 > 4, this radius is positive and increases rapidly
with increasing 4 (see Fig. 1). Thus, in this limit, the solution for the hollow sphere coincides
with that of the bifurcation problem. Consequently, as was shown, for example, by Horgan
and Abeyaratne (1986) and Sivaloganathan (1986a) in related contexts, the bifurcation
problem may be viewed as providing an idealized model describing the growth of a pre-
existing microvoid. In Section 5, we examine the stability of the cavitated solution obtained
in Section 3 using an energy comparison argument. It is shown that the potential energy
associated with the cavitated solution, whenever it exists, is strictly less than that of the
trivial solution corresponding to the same value of applied stretch and is also strictly less
than that associated with any radial (not necessarily equilibrium) deformation. Thus, when
A > .. one indeed expects cavitation to occur. Finally, in Section 6 we briefly outline the
corresponding results for plane strain deformations of a cylinder.

It should be noted that the constitutive assumptions made in Section 3 for the gener-
alized Varga materials (12) are much less restrictive than those required in the analyses of
Ball (1982), Sivaloganathan (1986a) or Podio-Guidugli et al. (1986). Thus the results
obtained in these references using the direct method of the calculus of variations are not
directly applicable to the bifurcation problem considered here. A similar remark pertains
to the results obtained in Stuart (1985) and Meynard (1990) using shooting methods.

2. BIFURCATION PROBLEM FOR A SPHERE

We arc concerned with a sphere composed of a homogeneous isotropic compressible
non-lincarly elastic material. Using spherical polar coordinates, the undeformed sphere
occupics the domain Dy = {(R,©, D)0 < R < 4,0 <O < 2r, 0 < ® < n}. The sphere is
subjected to a prescribed uniform radial displacement at its surface R = A. The resulting
deformation is a mapping which takes the point with spherical polar coordinates (R, ©, ®)
in the undeformed region Dy to the point (r, 0, ¢) in the deformed region D. We assume
that the deformation is radially symmetric so that § = ©, ¢ = ® and

r=r(R)>0, 0<R<A; r(0+)>0, (1)

where r = r(R) is to be determined. If r(0+) = 0, the sphere remains solid. However, if
r(0+) > 0, then a spherical cavity of radius r(0+) has formed at the origin. In this event,
the cavity surface is assumed to be traction-free. The polar components of the deformation
gradient tensor F associated with the deformation at hand are given by

F = diag (F(R),r(R)/R, r(R)/R), (2)
while the principal stretches are
ALy =FR), Ay=24;=r(R)R. 3)

In (2) and (3) the superposed dot denotes differentiation with respect to R. It is assumed
that J =det F = r?//R? > 0on 0 < R < A, so that, in view of (1), we have

HR)>0, 0<R<A. )

The strain-energy density per unit undeformed volume for isotropic compressible
elastic materials is denoted by W = W(4,, 4,, 4;), where A, (i = 1, 2, 3) are the principal
stretches. The function W is invariant with respect to interchange of the 4; and is normalized
so that it vanishes in the undeformed state and so W(l, 1, 1) = 0. The principal components
of the Cauchy stress T are given by
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W = e E—/, (no sum on i). (3)
In view of (3), we thus have
1 ¢ 1 ¢wWw
17, =— —, =Ty =7 7,
Aahy G4y % ® T ks Oy ©®)

for the radial and hoop stresses. Note that in (6) we consider T(R) rather than the more
conventional T(r).

In the absence of body forces. the equilibrium equations div T = 0 can be shown to
reduce to the single equation

d LCW cw

where B is evaluated at the principal stretches (3). By virtue of (3). we see that (7) is a
second-order non-lincar ordinary differential equation for r(R). Since the sphere is subjected
to prescribed uniform radial displacement of its boundary r = A, we have the boundary
condition

r(d) = 4, (8)
where 4 > T is the prescribed radial stretch. At the origin, we have either
r(0+)=20 9)
or
T,0+)=0 ifr(0+)>0. (10)

[t may be readily verified that one solution to the problem (7)—(10), for all values of
A>1lis

r(R) = iR, 0<R<A. (11)

Note that (9) is satisfied in this case. This homogeneous solution, which we call the triviul
solution, corresponds to a homogeneous deformation in which the sphere expands radially.
For certain muterials and for 4 sufficiently large, it has been shown that, in addition to the
trivial solution, there exists a second solution for which (10) holds so that a traction-free
cavity has formed at the origin. The existence of such solutions describing cavitation has
been established for a wide class of isotropic compressible materials by Ball (1982). Stuart
(1985), Podio-Guidugh er al. (1986), Horgan and Abeyaratne (1986). Sivaloganathan
(1986a, b) and Meynard (1990) and for anisotropic compressible materials by Antman and
Negron-Marrero (1987). The cavitation solutions have been shown to bifurcate from the
trivial solution at the critical value A, at which the trivial solution becomes unstable.

It is not possible, in general, to determine the cavitation solutions analytically. For the
particular case of a Blatz-Ko material, analytic solutions describing cavitation hare been
obtained by Horgan and Abeyaratne (1988) [sce also Etan (1988) for extensions of this
work]. Horgan and Abeyaratne (1986) treat the analogous plane strain problem for
cylindrical cavities in detail, while the spherical problem can be analyzed using the spheri-
cally symmetric solutions developed in Chung er al. (1986) [see note added in proof
in Horgan and Abeyaratne (1986)]. The spherical problem has been subsequently re-
investigated by Tian-hu (1990) confirming the results stated in Horgan and Abeyaratne
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(1986). The purpose of the present paper is to examine another particular class of com-
pressible materials for which the cavitated solutions can be obtained explicitly. It turns out
that the solutions are simpler to describe than the corresponding results for the Blatz-Ko
material. and thus offer a particularly illuminating example of cavitation for isotropic
compressible non-linearly elastic materials.

3. SOLUTION FOR A PARTICULAR CLASS OF MATERIALS

Consider the class of isotropic compressible materials for which ¥ has the form
W= (']()-] +l:+;.3 “3) +C:(}.l).:+4-)_}.} +}.3;.| “'3) +g(/..|;.2;‘.3), (12)

where ¢, ¢, are constants and g is an arbitrary sufficiently smooth function of its argument.
We assume that g satisfies the normalization conditions

g() =0, g'(1) = —Qc2+cy) (13

so that W and the Cauchy stress T vanish in the undeformed state. Materials of the
form (12) have been extensively analyzed in Carroll (1988), where closed form analytical
representations for a wide variety of deformations have been obtained. When ¢, =0 in
{12), the materials modeled by (12) have been called Varga materials by Haughton (1987)
since they may be viewed as a generalization, to include the effect of compressibility, of an
incompressible material model proposed by Varga (1966). For ¢, # 0, we call the materials
(12) generalized Varga materials.
When W is given by (12), the differential equation (7) reduces to

a‘}ﬁg'u) =0, 0<R<4, (14)

where
J = f§52=2‘1223=r2f;’R2. (15)

Using the chain rule, we may write (14) as

g"(J)a%J=0, 0<R< A4, (16)
and so, provided
gJ)#0, 0<R<A, (7
we deduce from (16) that
J=r"¥/R* =k, on0< R <A, (18)

where k, is a constant. By virtue of (4), we have k, > 0. Equation (18) may be integrated
to yield

r*(R) = kR’ +k,, 19

where &, is a constant. Thus (19) is an explicit closed form solution to (7) for the material
(12), provided (17) holds. The solution (19) was obtained by Carroll (1988) and inde-
pendently by Horgan (1989). It was also established in Haughton (1987) for the case when
Cy = 0.
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We turn now to the boundary conditions. First we note thatif k. = 0.k, = 4% in (19),
we recover the trivial solution (11) for which (8) and (9) hold. Suppose now that (8) and
(10) are to be satisfied. Then k,. k, must be such that
A=k A k.. (20)
k, >0, 2n

the latter condition being equivalent to r(0+) > 0. The radial stress 7,, follows from (6).
(3) and (12) as

=R R iew 22
"SRR TR GTIY (22)

where J = r’7/R*. Since J = k, from (18) and since r(0+) > 0, we see from (22) that (10)
1s satisfied provided

k) =0. 23)

Thus, if a positive constant k| can be found such that (23) holds, the radial stress corresponding
to (19) vanishes at the cavity boundary. In view of (18) and (23) we then have ¢’(J) = 0
and so the radial stress field (22) is

3

To=-R e 2R (24)
r*(R) r(R)
where r(R) is given by (19). From (20) we have
ky=(A'=k)A", 25
and so (21) will hold if and only it
A> (k)" (26)
Thus the critical stretch 2 is given by
b = (k)Y (27)

where &, > 0 satisfies (23). To ensure the existence of 4., we thus assume henceforth that
the constitutive function g in (12) is such that (23) holds for some unique positive constant
k. In fact, since the applied stretch 2 > 1, we require that k&, > 1. A sufficient condition to
ensure the existence of such a &k, is to assume that g(s) has a single minimum at
s = k,(k, > 1). Henceforth we assume that this is the case. Further assumptions on g arc
usually necessary to ensure a physically reasonable response but we shall not pursuc this
here.

In summary, for the material (12) with g satisfying (13) and (17) and the stipulations
of the preceding paragraph, we have found that whenever the prescribed stretch 4 is greater
than 4., the existence of a solution with internal traction-free cavity is guaranteed and this
solution is given by

PP(R) =k, (RP—A%)+ 44>, (28)

where k| > 0 is determined from (23).
The deformed cavity radius r(0+) follows from (28) as
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rO+)Ad=* =k’ A2 A (29)

The variation of the cavity radius with prescribed stretch 4, as described by (29), is depicted
by the solid curve in Fig. | (in the range 4 > 4,).

The radial stress field subsequent to cavitation is given by (24) with r(R) given by (28).
The critical value 7% of the radial stress at the outer boundary when 1 = i, follows from
(24). (27) and (28) as

TS = ¢ k7?3 4 20,k V3 (30)

The hoop stresses subsequent to cavitation follow from (6), (3), (12) and (18) as

cror, o [R R
Th= m)"Tde" k;R +C:[r(R)+k:R2:‘. (3')

where r(R) is given by (28). The critical value T} of the hoop stress at the outer boundary
when 4 = 4, then follows from (31), (27) and (28) as

T = ek 7+ 200k 1 G2)

We obscrve that this value coincides with (30).

We remark that the equilibrium solutions described above could also have been
obtained from an encrgy minimization approach. Since displacements arc prescribed at the
outer surface of the sphere and the cavity surface (when it exists) is free of traction, the
associated potential encrgy £is given by

A
E:J Wdv = 4nJ' R*W dR
v ‘

)

A
= 44 F(r,F;R) dR. (33)
{

}

Minimizers of £ necessarily satisfy the Legendre inequality

a2

——=>0forall Rin0 < R< A. (34)
OGN

When the form of W is recalled from (12), it is scen that (34) reduces to
g°(J) >0, (35)

so that g(*) must be convex at the value J associated with the minimizer. If one adopted
as a constitutive hypothesis that (35) should hold for alf J > 0, then this would guarantee
the existence of a single minimum for g(s) at s = k| (k, > 1), as assumed above.

4. GROWTH OF A MICROVOID

It has been shown by Horgan and Abeyaratne (1986) (in the context of plane
deformations of a Blatz-Ko material), and by Sivaloganathan (1986a) (for radially sym-
metric deformations of classes of compressible materials) that bifurcation problems of the
type just discussed may be viewed as providing an idealized model describing the growth
of a pre-existing microvoid. The latter problem concerns a Aollow sphere with undeformed
inner and outer radii B8, A4, respectively. The outer boundary is subjected to a prescribed
uniform radial displacement as before, while the inner boundary is traction-free. Thus, the
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differential equation (7) now holds on the interval B < R < A and for the material (12) we
have the solution

P(R) =K R +K:.. onB<R< A, (36)

where K, and K, are constants. The boundary conditions are

r(d) = id, (37)
and
B¢, 2Bc, .
5 _ R ’ = U, 3&‘
r*(B)+r(B) +g(K,)=0 (38)

where (22). (18) have been used to obtain (38). The two constants K. K; are thus determined
from

A4 =K A+ K., 39
and

Bz('l + 28(':
(K\B'+K:)*' " (KB +K,)"

+g9(K)) =0. (40)

On solving (39) for K, and substituting in (40) we obtain

Bc, 2B, K 0
(G =KD + KB T (@ ok kg TR =0 “h
Using the dimensionless radius ratio
x=B/A, 0<a<l, (42)
we write (41) as
— o + 2 “(K)) =0 43
(= Kox "+ K T[Tk F ke TR =0 @y

For prescribed 4, with ¢y, ¢, and « known, (43) is an equation for the determination of K.
Once K, is found, K, may be obtained from (39) and thus the deformation given by (36)
is determined.

The deformed inner radius is given by

r’(8) =K B +K,=K B +(i'—-K,)A°, (44)
and so
B
r‘(;i‘2 = [Kia'+ (=KD, (43)

where K, (which depends, for given ¢, ¢;, on 4, a) is determined from (43). The r(B)/4
versus A relationship is thus implicitly given by (45). together with (43).

We turn now to the examination of the limiting case of a microvoid. Thus we consider
the preceding solution in the limit as B — 0+, with A, A, R held fixed. By (42) we see that
a—0+ as B—0+. Letting « = 0+ in (45), we sce that, when A’ > K. (45) and (43)
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reduce to (29) and (23) respectively (with K, = k). On the other hand, when A’ € K, on
letting x — 0+ in (45) we see that K; must be equal to 4* since r(B) must be non-negative.
Thus i’ = K, and so from (39) we see that K, = 0. On setting K, = i’ and K, =0 in
(36), one recovers the trivial solution (11). Thus, we see that in the limit as B — 0+, the
solution for the microvoid problem tends to the trivial solution as long as 1 < 4, while it
tends to the cavitated solution when 4 > A,. The foregoing limit is depicted schematically
in Fig. 1 where the dashed curves describe growth of a pre-existing void for different
undeformed void radii B. The solid curve denotes the limiting case of a microvoid (B —
0+). Similar considerations have been discussed by Horgan and Abeyaratne (1986) and
Sivaloganathan (1986a).

5. ENERGY COMPARISON

We now return to the solutions described in Section 3. Since for values of 1 > A, we
have obtained two solutions, it is natural to compare their associated energies at the same
value of prescribed stretch. [Cf. Ball (1982).] Since displacements are prescribed at the outer
surface of the sphere and the cavity surface (when it exists) is free of traction, the associated
potential energy E is given by

A
Ezj wav:anj R*W dR. (46)
;

0

It is readily verified from (3) that

di, 1
ik = pA—4) 47

Making use of (47), it can be shown that (7) may be rewritten as

oW

d 3 3 2 -
a-k-{k [W-—-(Al-lz);ﬁ:]} -3R*W =0. (48)

[CF. Ball (1982), eqn (6.12). As remarked there, (48) also follows from a conservation law
due to Green (1973).] Thus from (48) we find that

- _4nl o ow
4nL R*W dR = 3 [R {W—(A,—lz)ﬁ-’-”hA. (49)
and so
4
E= ;A’ {W(r'(A)J., )= [H(A) =] g.j_"(f(,q),;., i)}. (30)
|

where 1 = r(A4)/A is the prescribed stretch at the outer boundary. For the trivial solution
(11), we thus obtain E = E, with

4
E, =-3EA’W(}..AJ.). 1)
For the cavitated solution, it follows from (8) and (19) that F/(4) = k,/2* and so E = E,

with

SAS 29:3-8
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E 47{1‘1‘ W'(kt . ) (k; .)5"‘/('! . ) 52
= A SaA A = A ol S A AT 2
©T 3 FERMY AN UERNS -V I ERiels (32)

When the explicit form (12) for the strain-energy density is used in (51) and (52), one finds
that

dr 4’ s
E~E = ——[gtk)—g(#)]. (53)

Thus for 4 > 4, (i.e. 2 > k), we deduce from (53) that

E < E,. 54

(N

since we have assumed (recall Section 3) that g(s) has a minimum at s = k. Thus. the
energy associated with the cavitated solution (whenever it exists) is strictly less than that
of the trivial solution corresponding to the same value of 4.

In fact, a much stronger result can be established, namely that the cavitated equilibrium
solution minimizes the energy absolutely relative to any radial (not necessarily equilibrium)
deformation. To sce this we write

W= W{F 2.4 =, (F+2r/R=3) 42 [2rF/ R+ (r{ R)* = 3] 4+ g(J). (55)
The term involving ¢, is ¢, R *(R°r) and the term involving ¢, is 2¢,bR VH(RYIY . to
within unimportant additive constant terms. When integrated to obtain the total energy,
these terms integrate to ¢, A°r(A) and ¢,Ar*(A) respectively, and are fixed since r(A4) is
prescribed as in (8). Consequently, for any radial deformation r(R) with r(4) > k1A, it
follows that

i

(4m) WE-E.) =f R[g(J)y—g(k )] dR. (56)

i}

Thus £, is the absolute minimum since &, minimizes g(+). Therefore, within the cluss of
radial deformations, the cavitated solution yields the absolute minimum encrgy. Thus when
2 > 4. conditions are indeed energetically favorable for a cavity to appear. (It would be
of interest to consider energy minimization within the wider class of not necessarily radial
or radially symmetric deformations but this is beyond the scope of the present work.)

6. RESULTS FOR A CYLINDER IN PLANE STRAIN

In this section, we describe briefly how the foregoing considerations can be applied to
the analogous problem for a cylinder.

6.1. Bifurcation problem

Using cylindrical polar co-ordinates, the undeformed cross-section of the cylinder
occupies the domain Dy = {(R, ©)|0 £ R < 4, 0 < © £ 2r}. The cylinder is subjected to
a prescribed uniform radial displacement at its surface R = A. The deformation taking the
point (R, ®) to (r, 0) is assumed to be an axisymmetric plane strain so that = © and

r=r(Ry>0., 0<R<A; rl0+)20 (57)

As before, if #(0+) = 0 the cylinder remains solid while if r(0+) > 0, a cavity (whose
surface is assumed traction-{ree) has formed at the origin. We have
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F = diag {f(R), r(R)/R}, (58)
with principal stretches
A, =FR), Ai,=r(R)/R, (59)
and assuming J =det F = r//R>00n 0 < R < A4, we thus have
{R)>0, 0<R<A (60)

Denoting the strain-energy density per unit undeformed volume for the isotropic
compressible materials at hand by W (4,, 4,), with W(1, 1) = 0, we have

A

., 0
- =1|—/1:6_}.,(n° sum on a). (61)

Thus
1 oW 1 ¢w
= = — 62
T. iy 04, Ton A, 04y ©2)
and the equilibrium equations reduce to
d owy\ oW
AR ) —55-=0. . 6
dR(RaA,) i, 0, 0<R<A4 (63)

where W is evaluated at the principal stretches (59). The boundary conditionat r = A4 is
r(A) = A, (64)
where 4 > | is the prescribed radial stretch. At the origin, we have either
r0+)=0 (65)
or
T,(00+)=0 ifr(0+)>0. (66)

As in the case of the sphere, it is again easily verified that one solution to the problem
(63)-(66) for all values of A is the trivial solution

r(R)=1R, 0K R<A4, (67)
describing uniform radial expansion.
6.2. Solution for a particular class of materials
We again consider the strain-energy density (12) now specialized to plane deformations.

The differential equation (63) in this case reduces to

d .

qRID) =0 0<R<4, (68)

where
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J=Ais = rF/R {(69)
As before, we deduce from (68) that, provided
g'(J)y#0., 0<R<A. (70)
then
J=ri|lR=k, on0<R< A, 7n

where k£, > 0 is a constant. This leads to the explicit solution
fz(R):kgR:'é'k:. (72)

where k, is a constant. The solution (72) was also obtained by Carroll (1988) and inde-
pendently by Horgan (1989).

In what follows, we confine attention to the special Varga material for which ¢, =0 in
(12). Proceeding as in the three-dimensional case for the sphere, it is readily shown that if’
a positive constant k, can be found such that

gl(klj = 01 (73)
then for

A> i\:r . 'z;cr

(ky'e, (74)

il

the existence of a solution with an internal traction-free cavity is guaranteed and this solution
is given by

r(R) =k (R =AY +124°, (75)
The deformed cavity radius r(0+) follows from (75) as
rO+)/A = (A =k)' 2 12 A, (76)

The graph of r(0+ )}/ versus 4, while now of quadratic nature ruther than cubic as in {29),
will have the gencral features shown in Fig. 1. Again, to ensure that & unique constant &,
exists such that (73) holds, it is suflicient to assume that g(s) has a single minimum at s = &,
(k, > 1). The considerations of Sections 4 and 5 may be adapted in an obvious way to the
plane strain problem—we omit the details.

It should be noted that in a recent paper on cavitation for compressible elastic mem-
branes (Haughton, 1990), Haughton has numerically demonstrated that cavitation can
occur in a membrane composed of a Blatz-Ko material. However, he also shows analytically
that for the special Varga material ((12) with ¢, = 0) cavitation cannot occur. The membrane
theory employed by Haughton (1990) is derived from three-dimensional elasticity theory.
Subsequently, Steigmann (1991) has shown that cavitation can occur for this material if a
direct membrane theory is employed. As noted by Steigmann (1991), his analysis also
pertains to the plane strain problem.
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